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Abstract. Using 2 method based on Lieb's theorems and SU(2) symmetry for the haif-filled
Hubbard model on a bipartite lattice with |[A] = |Bf = N (where |4| (|B]} is the number
of sites in the A (B) sublattice}, we show that the ground-state wave function has even (odd)
symmetry with respect to the spin reversal operator when N is even (odd) for both I/ > 0 and
U < 0 cases. These rigorous resuits hold in all dimensions without the necessity for a periadic
boundary condition. :

The discovery of high-T; superconductivity renewed interest in the study of the ground-state
properties of the Hubbard model. There has been an enormous amount of work in this field,
but among them rigorous results and exact solutions are rare. For the one-dimensional case,
exact results were obtained by Lieb and Wu [1]. For the higher-dimensional case, Yang
and Zhang [2, 3] discovered that the Hubbard model possesses simultaneously a pseudespin
SU(2) symmetry and a true SU(2) symmetry. Lieb [4] obtained several theorems about the
ground state. In this paper, a new rigorous result about the ground state of the half-filled
Hubbard model is stated and proved. It is shown that the ground state has even symmetry
under spin reversal when N is even and odd symmetry under spin reversal whén N is odd.
The Hubbard model on a finite lattice 2N is defined by the Hamiltonian

H=—1) (C}hCis +HO) + U Y mpmy. (1)

(i) .
We constder the 2N lattice as a bipaxtite lattice with |A] = |B] = N, where |A]| (|B])
is the number of sites in the A (B) sublattice. The spin operators are defined as

§P=52 tmr=my)  ST=(S)F =3 Cicy @
i i
and the Hamiltonian (1) has the SIJ’(2) symmetry
' [S*H] =0. o - _ 3
Then for an arbitrary eigenstate 1 of H with the energy E, we have
HS*y = ES*y. : )

If %4 £ 0, 5% is a degenerate state of state . On the other hand, Lieb’s theorems point
out-that the ground state v, of the Hamiltonian (1) on a bipartite lattice with [A] = |B] is
non-degenerate and has § = 0 for both U/ > 0 and U < 0 cases. Then we obtain

SEg, = 0. )
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Of course, we believe that there exist other eigenstates that have the same property as ¥,
but now we only know 1, is non-degenerate, and our interest is in the ground state.

1t is well known that the Hubbard model has spin reversal symmetry. The spin reversal
operator I?S, which changes all the signs of the electron spin at each, site is defined as

N N
BT ch 10 = T] ¢t 100 ©)
i=1 i=1

and its eigenvalues R® = 1. Because the ground state is unique, it must have even
symmetry (R® = 1) or odd symmetry (R® = ~1)

Rép = 9. : )
Exact diagonalization results [5] for small clusters have shown that when the number of
sites is four, the ground state at half filling has even symmetry (R® = 1), and when the
number of sites is two or six, the ground state at half filling has odd symmetry (R® = —1).
These results seem to indicate that the ground state for a half-filled Hubbard system on a
bipartite lattice 2N with [A| = |B| = N has even (0dd) symmetry with respect to the spin
reversal operator when N is even {odd). The aim here is to confirm that this conjecture is
correct.

We know that for the large-U case the half-fifled Hubbard Hamiltonian maps into a
Heisenberg model with J = 4¢>/U. In the following, we first give the proof of the rigorous
result on the Heisenberg model, and then apply the method to the Hubbard model.

At the first step, we need a convention to define a appropriate set of basis vectors. For a
2N lattice the dimension of the invariant subspace with $% = 0 is (2N)I/(N!)? . We order
the sites in an arbitrary way and decompose 2N sites into two groups that consist of N
sites {X1, ..., X, ..., Xytand {1,..., ¥, ..., ¥y}, where X, ¥; denote the coordinates
of the sites on the 2N latiice. When the two groups of sites are fixed, all the basis vectors
W' with $% = 0 can be constructed by the following method. The first basis vector is

Py =V Xt X XYY (T Y TR

where W{?" (X:,.... Xg. ..., Xun) represents a state in which the spins of all electrons at the
sites {X1, ..., Xg,..., Xy} are up, and dff'(Y], vvvs Yo oo, Yy represents a state jn which
the spins of all electrons at the sites {¥1,..., ¥,..., ¥} are down. Based on the basis
vector ¢%, we can construct a group of new basis vectors ¢ (s1/f;) by changing the signs
of the spin of the electrons at sites X, and ¥, , i.e.

¢J]';’(Sllt1) = wf?,_l(xh "'1X51—]1 X.F1+ls "'!XN) ®¢_i\f—l(yl, rrey Yt]—lv Ytl-l-h rreg YN)
U (X)) R Y (V)  (Gr,u=12,....N).

If we change the signs of f electrons (j = 1,2,..., N} at the sites {X;} and {¥;}, we can
obtain the jth group of new basis vectors

qﬁf;,(sl,sz,...,sjltl,rz,...,tj)

= (X1, Xomts Xl ooy Kot Kot ooy Xgmt, Xyt o0 Xiv)
R TR AT AT ARTS ARG AR MRS /)
CXVAC SRS SRS AT (¢ AN AU A
Gr#FnF.  Fs.nFoFE. F#5=12,...,N).

The number of vectors in the jth group is

D;:(‘}')z.
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Then the total number of the vectors constructed by this method is

& e
D= FZO D= W

which is equal to the dimension of the subspace with 5% = 0, so the basis vectors constructed
by this method are complete. When j = N the basis vector in the jth group is

¢N_¢T(Y1’.“'! YN)®‘||&¢(X15-'-1X’€1“‘:XN)

so we have , , ’
B¢} = op. | - ®)
The ground state v, can then be written as ¥, = 2 Crp'; the coefficients
C; corresponding to the basis vector ¢ (s1,...;8lf,...,¢) can be denoted as

Af(s1,...,8:t, ..., ). Applying S~ to the ground state g{fg, from equatlon (5) we can
obtain the followmg equations for the coefficients:

S ATt Syt Sgrt ey Syl e B e ) ©)

o '
+ZA‘H- (S],...,Sg,.‘.._,Sj.;_1|t[,...,f;,...,tj,u)==0
u

(j=012,...,N-1).

Defining A/ as the sum of all the coefficients corresponding to the vectors in the ]th group,
we have

Al(sy,5, .., siltatan . n s, fj) = (jn*al . - (10)
SiFEnEAy nEnEFYy
and .
, Al(st, 50, c0s 85l 1, - 1) = GV — AT (1D
SiEREEGEG L hELEEY - .

Using equations (10) and (11), summing equation (9) we obtain

N-PA+G+DAT =0 (G=01,...,N-D. (12)
Solving these equations (12), we obtain ' |
NI : ‘
AJ‘__ J_.__..Ao '=1,2,.-..,N- '
_ v DY ¢ ) (13)
Then _
N o= (—DMa%. ' ’ L4

Because the basis vector (bﬂ, is chosen in an arbitrary way, we can obtain the same relation
as equation (14) for any basis vectors with §* = 0. From eq_uation {8} and the above result
we get

Ry = ("¢ - (15)
Then we know that the ground state for the half-filled Hubbard Hamiltonian with large

U (AF Heisenberg model} has even (odd) symmetry under the spin reversal if N is even
(odd). In fact, this result is not new, this property follows from the ‘Marshall sign rule’ [6].
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Now we analyse the Hubbard model on a bipartite lattice 2N ([A| = |B|) with &7 > 0
and U < 0. For such a Hamiltonian, the dimension of the subspace with §% = 0 is much
larger than that of Heisenberg model. The basis vectors can be written in the form

D =Y2 (X, X)) QYR (.. V) @ ¢y, (16)
m=0,1,...,N; j=0,1,...,N—m)
where ¥fj (X, ..., Xx) representa the fact that at each site of the {X;, ..., X4} there are
two electrons with unparallel spin (doubly occupied state), and {7 represents the fact that
at each site of the {Y, ..., ¥},} there are no electrons (vacancy). For example
(X1, X2) = CF . C¥, CE 4 CF L 10). (17)

Notice that the vector ¥ (X1, ..., Xn) @ Y7 (Y1, ..., Vi) has the property
ﬁsl,lfB‘(Xa, v Xn) @Yy, .. Y) = D™ (X, L X)) @ Y (P, L, V) (18)
and

VS Xy Xn) @YT (T, .., V) =0, (19)

The spin reversal property for the Hubbard model depends only on the relations of the
coefficients of the basis vectors with the same doubly occupied and vacant state, and from
equations (5) and (19) one can find that the Hamiltonian matrix elements between states
of different m does not affect the relation between the coefficients of these basis vectors.
Thus for a group of basis vectors with the same doubly occupied and vacant state, we can
still establish the equations for the coefficients by regarding @ as the basis vectors of the
Heisenberg model on a 2N — 2m lattice. Using the same method, we obtain the following
result for the half-filled Hubbard model:

RS, = (=1 (=) "4y = (1)l (20)

Then we know that the ground state for the half-filled Hubbard Hamiltonian with arbitrary
U has even (odd) symmetry under the spin reversal if N is even (odd).

In summary, based on Lieb’s theorem we have shown that the ground-state wave
function of the half-filled Hubbard model on a bipartite lattice with |A] = | B| has even (odd)
symmetry with respect to the spin reversal operator when N is even (odd). this conclusion is
in agreement with the exact diagonalization results for the two-, four-, and six-site Hubbard
model [5] and provides some new information about the Hubbard ground state.

The authors are very grateful to T C Song for his help in this work, This work was supported
by the National Natural Science Foundation of China.
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